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Calm-Hilliard 1 $K(k)$ ,







$($ 1 $k^{2})^{1/2^{n}}(n=1,2, )$
$E(k)/K(k)arrow 0(karrow 1 0)$ $E(k)/K(k)|_{k=1}:=0$
$E(k)/K(k)$ $[0,1]$
$a>b>0$
$a_{\ell+1}= \frac{a_{\ell}+b_{\ell}}{2}$ , $b_{\ell+1}=\sqrt{a_{\ell}b_{\ell}}$, $c_{\ell+1}= \frac{a_{\ell}b_{\ell}}{2}(l=0,1,2,3, )$
$a_{0}=a,$ $b_{0}=b,$ $c_{0}=\sqrt{a^{2}b^{2}}$.
AGM(a,b) 1818 Gauss $([TI2007],[E1976])$ .







$\underline{g}_{n}(h):=1$ $\sum_{\ell=0}^{n}2^{\ell-1}c_{\ell}^{2}$ $2^{n-1}c_{n}^{2}$ , $\overline{g}_{n}(h):=1$ $\sum_{\ell=0}^{n}2^{\ell-1}c_{\ell}^{2}$
1 $)$ $n$ :
$\underline{g}_{n}(h)$
$E(\sqrt{h})/K(\sqrt{h})$ $\overline{g}_{n}(h)$ $h\in[0,1]$ .
$\underline{g}_{n}($
$)$ $h=0,1$ $\overline{g}_{n}($ $)$ $h=0$
2 $)$ $\underline{g}_{n}(h),$ $\overline{g}_{n}(h)$ $\supset$ $E(\sqrt{h})/K(\sqrt{h})$ uniformly on $[0,1]$ as $narrow\infty$ .
$\underline{g}_{n}(h),$ $\overline{g}_{n}(h)(n=1,2,3)$
$\underline{g}_{0}(h)$ $=$ 1 $h$ , $\overline{g}_{0}(h)$ $=$ 1 $\frac{h}{2}$ ,
$\underline{g}_{1}(h)$ $=$ $(1 h)^{}$ , $\overline{g}_{1}(h)$ $=$ $\frac{1}{2}$ $\frac{h}{4}+\frac{(1h)^{1/2}}{2}$ ,
$\underline{g}_{2}(h)$ $=$ $($ 1 $h)^{1/4}+(1 h)^{3/4}$ $\overline{g}_{2}(h)$ $=$ $\frac{1}{4}$ $\frac{h}{8}$ $\frac{(1h)^{1/2}}{4}$










$f(x)$ $=$ $\frac{x}{3}+\frac{1}{9}$ $f’(x)+$ $\frac{20}{9}x$ $\frac{4}{3}$




$f(x)$ $=$ $\frac{x}{3}+\frac{1}{9}$ $f’(x)$ $\frac{20}{9}x$ $\frac{4}{3}$
$f’(x)$ $=$ $\frac{27}{16}x+\frac{171}{100}$ $\frac{20}{9}x$ $\frac{4}{3}$ $\frac{18}{25}$
Sturm
$f(x),$ $f’(x),$ $\frac{20}{9}x$ $\frac{4}{3},$ $\frac{18}{25}$
Sturm $f(x)=0$ $f(a)\neq 0$







$f(a)\neq 0$ $f(b)\neq 0$ $f(a)=0,$ $f(b)=0$
$x$ $a,$ $x$ $b$ $f(x)$








$f$ ( 2) $=3\neq 0$ , $f(2)=7\neq 0$
Sturm $\{f_{0}(x), fi(x), f_{2}(x), f_{3}(x), \}$
$f_{0}(x)$ $=$ $f(x)$ , $f_{1}(x)=f’(x)=3x^{2}+2x$ 3,
$f_{2}(x)$ $=$ $\frac{20}{9}x$ $\frac{4}{3}$ , $f_{3}(x)= \frac{18}{25}$ .
Sturm $x=\pm 2$
$f_{0}$ ( 2) $=$ 3, $f_{1}$ (2) $=f’(x)=5,$ $f_{2}( 2)=$ $\frac{52}{9},$ $f_{3}$(2) $= \frac{18}{25}$ ,
$f_{0}(2)$ $=$ 7, $f_{1}(2)=f^{l}(x)=13$ , $f_{2}(2)=$ $\frac{28}{9}$ , $f_{3}(2)= \frac{18}{25}$
$V(2)=2,$ $V(2)=0$








$+2$ (2 h) $($ 1 $h)^{2}$ $\frac{E(\sqrt{h})}{K(\sqrt{h})}$ (1
$E(k)/K(k)$




$\underline{g}(h)=$ $h$ , $\overline{g}(h)=1$
$U:=E(k)/K(k)$
$R(k, U):=(k^{4} k^{2}+1)U^{4}$ $2(1 k^{2})(2 k^{2})U^{3}+6(1 k^{2})^{2}U^{2}$
$+2($2 $k^{2})(1 k^{2})^{2}U$ $($ 1 $k^{2})^{3}>0$ , $k\in(O, 1),\underline{g}(k)$ $U$ $\overline{g}(k)$
$R(h,\overline{g}(h))=R(h, 1)=h^{3}>0$ , $0<h<1$ ,
$R(1, U)=U^{4}>0$ , $0<U<1$ ,
$R(h, \sqrt{1h})=(1 h)^{2}(1 \sqrt{1h})^{4}>0$ , $0<h<1$ .
Sturm
$R_{h}(h, U)=0$ , $R_{U}(h, U)=0$
$0<h<1,0<U<1$ $(h, u)=(1/2,1/2)$
$R(h, U)$ $\{(h, U):0<h<1,\underline{g}(h)<U<\overline{g}(h)\}$
$K,$ $E$
$E(k)/K(k),$ $E(k)$ $U:=$
$E(k)/K(k),$ $V:=E(k)$ 3 $(k, U, V)$
$E(k)$
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